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Abstract

The introduction of new safety legislation in Russia has been accompanied by R& D into risk
assessment, especialy needed when dealing with high-toxicity substances. In the present article,
two models for evaluation of the dose absorbed by recipients as a result of instantaneous rel eases
and short-term continuous emissions of toxicant to the atmosphere are developed. The models
have the form of definite integrals with Green’s function. The numerical problem of evaluation of
the absorbed dose with obtained models is reduced to the calculation of single definite integrals. It
is shown that under similar initial conditions, the dose absorbed as a result of instantaneous
discharge is greater than the dose resulting in a short-term continuous emission of toxicant. An
interval approach is developed to estimate the sensitivity of the numerical results to the errors in
empirical parameters and variables included in the models. On the base of introduced definitions
of interval variables, interval vectors and interval functions, interval estimates for absorbed dose
are developed. It is shown that there exists an optimal number of termsin empirical equations with
inexact parameters. Numerical examples of interval analysis are given. © 2000 Published by
Elsevier Science B.V.
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1. Introduction

The release of dioxine at the industrial plant near Seveso (North Italy) on June 10,
1976 resulted in severe environment pollution and soil contamination. Many people
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were affected by the dioxine. After this accident, a general concern by the population of
Western Europe resulted in a critical analysis by the European Community of legida
tion, codes and acts related with industrial risk, accident hazards, prevention and
mitigation. As a result of this work, the Seveso-1 Directive' has been prepared and
published in 1982 and came into effect in 1984. In 1996, the European Union has
adopted a new Directive? regulating major chemical accident hazards, which was to be
enforced in early 1999. The Directive implementation has resulted in essential improve-
ments in the control of accident hazards in the EU.

But also al over Europe, the Seveso Directive was giving the incentive to safety
promotion, and further international agreements in the frame of UN-ECE co-operation.®
As a result, the national law “On industrial safety” of the Russian Federation is similar
to the Seveso-2 Directive and came into effect on June 21, 1997. This law interdicts to
construct, maintain and restructure any industrial plant without the certificate of
industrial safety issued by the authoritative expert commission. This certificate requires
detailed evaluation of accident risks in a given plant and the availability of the sets of
measures needed for accident prevention and risk reduction. However, scientific works
on the development of mathematical models and respective software have been started
by Russian scientists long before the introduction of the above-mentioned certificate.
They take into account both international results and experience matured within the
Russian Federation.

The investigations related to this subject are carried out in the State Research Institute
on Organic Chemistry (SRIOCT) of the Russian Federation with financial support of the
Russian government and the International Scientific and Technology Center (ISTC) at
Moscow. Risk analysis has been adopted as the conceptual framework to approach the
regulatory requirements. This includes the following steps:

- initial analysis of the main hazards of contamination and accidents in a given
industrial plant;

- analysis of the consequences of possible accidents;

- evauation of frequency and/or probability of accidents;

- risk assessment and development of measures of prevention and mitigation.

The second step of this procedure is based on the dynamic mathematical models for
the description of the accident as a function of time. These models include explicit and
implicit relationships, differential equations, definite integrals, etc. To evaluate the risk,
it is necessary to solve linear and non-linear equations, to determine the extreme of
functions, etc. All these problems need to be solved despite of inadequate empirical data,
i.e. under uncertainty.

! Directive 82,/501,/EEC.

2 Seveso-2 Directive 96,/82/EC.

% United Nations: Convention on the Transooundary Effects of Industrial Accidents done at Helsinki, on 17
March 1992. E/ECE /1268.



V. Gorsky et al. / Journal of Hazardous Materials 78 (2000) 173—190 175

The suggested procedure has been applied to the evaluation of risk connected with
the storage and facilities for the destruction of the chemical weapons.

Chemical weapons have been mostly stored and accumulated in the USA and the
former Soviet Union. They congtitute a severe hazard for al humankind. On April 1997,
the International Convention on the Interdiction of the Design, Production, Accumula
tion and Use of the Chemical Weapons come to the force. On November 7, 1997, it was
ratified by the Russian Federation. Moreover, the Russian Federation has taken the
obligation during 10 years to completely destroy all chemical weapons, which have been
accumulated in seven arsenals in the different regions of Russia. Of course, the
destruction of chemical weapons in an environmental friendly way is a problem with
which many other countries are presently confronted. The interested reader is referred to
arecent NATO/ISTC workshop on the subject [1].

In Russia, the State Scientific Institute on Organic Chemistry is defined as a leading
research institute on the technology and equipment design of plants related with the
annihilation of the chemical weapons. The SRIOCT team played a leading role during
evaluation of the risk resulting in accumulation and annihilation of chemical weapon.
Particularly, within the years 1998-1999, the team has developed the certificate of
industrial safety for the chemical plant for annihilation of chemical weapons in Kizner
(Udmurt Republic of Russian Federation).

At the present, this project is offering a good opportunity to test and improve the
methodology for evaluation and prediction of the risks from accidents. In certain cases,
the methodological development has resulted in approaches, which differ somewhat
from the ones generally used elsewhere. Indeed the present article describes two models
for evaluation of the dose absorbed by recipients as a result of instantaneous releases
and short-term continuous emissions of toxicant to the atmosphere, which alows the
evaluation of the absorbed dose by the calculation of single definite integrals. Further-
more, an interval approach is developed to estimate the sensitivity of the numerical
results to the uncertainties in empirical parameters and variables included in the models.
Numerical examples of interval analysis are given.

2. Models for instantaneous and short-term toxicant emissions in the air

Harmful effects to people by toxic substances are possible as a result of both
instantaneous release and short-term continuous emission of toxicant to the atmosphere.
The severity of the damage depends on the absorbed inhalation dose.

Let us consider a concentration c,, of toxicant in the atmosphere at the point
X =(X;,%X,,X5)7 at the time t. Suppose that the source of instantaneous discharge
adlocated at the point X' = (X;,%,,x5)" releases a toxicant mass (M) at the time t'.
Under these assumptions, the concentration c,, can be written as a function [2]:

Cr(X,1) = MG(X X' t—t'), (1)

where G(X,X',t —t') is a factor of meteorological dilution that coincides with the
Green's function [3].
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For example, suppose that the wind is directed with the velocity u, along the x, axis,
and the pollutant is a neutral gas, which is completely reflected from the soil. Then the
function G(X,X',t — t'), can be written in the form

G(XX t—t)
_ : exp{_[xl—xa—ula—t')]z}
(27T)3/zi=li[10'i(t—t’) Zalz(t—t/)

12 1\2 1\2
« exp| — (%2 =X3) exp| — (X3 —Xx3) +exp| — (X3 +Xx3)
204(t—t) 202(t—t) 202(t—t) |[’

(2)

where ¢:%(t — t') is a variance describing the toxic cloud dispersion in the direction of

the i-th axis. The variance o> as a function of its arguments can be found by fitting
experimental data.

Let us assume now that the point-allocated source of short-term emissions of toxicant

acts during the time interval, 0 <t < T with a constant rate m,. Then the concentration
field at the point x can be described by the equation

moftG(Y,)_(”,t—t’)dt, if t<T
cy(X,t) = i (3)
mof G(XX t—t)dt, if t>T.
0

In the case of an instantaneous discharge at the time t' = 0, the maximum possible
absorbed dose within the interval [t,,t,] at the point X is described by the definite
integral

(%) =M “G(RX - t)dt. (4)

To evaluate the dose absorbed as a result of short-term emissions of toxicant, it is
necessary to distinguish two cases, according to the end time t,; for exposure to the
toxicant: (1) t, <T, and (2) t, > T.

In case (1), the dose absorbed by the recipient is evaluated as

dua(X) =mp [ [1 G(RXt-t)dtdt. (5)
ty ‘t=0
In case (2), the following equation holds true
Ay () =my [ [1 G(R& t—t)dtdt+m [T G(xX t-—t)dtdt. (6)
ty =0 T “t=0
In this case, the absorbed dose consists of two parts: the mass of toxicant absorbed

during the emission time interval [t,,,T] and the mass absorbed after that the emission
has ceased at its source [T,t,,].
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Calculation of the absorbed dose for the short-term emission is more complicated
than for instantaneous release of toxicant because of double integralsin Egs. (5) and (6).
However, it is possible to reduce the double integrals to single ones by variable
substitutions because the functions in Egs. (5) and (6) depend only on the difference
t—t'. This alows us first to combine the double integrals (5) and (6) into the general
equation

|=ff(D)f(t,t’)dt'dt, (7)

where D is the respective region of integration and f (t,t') = G(X,X',t —t').
Then it is possible to simplify integral (7) by substituting t and t' with the new
variables v and w, in one-to-one relationships with the original ones, as follows:

t=t(v,n), t'=t(v,u). ®
Substituting Eq. (8) into Eq. (7), we have [4]
'=ff(D)f(t(V,M),t’(v.u))lJ(v,u)|dydu, )

where D’ is the region of integration in terms of the new variables » and u, and
| J(v, )| denotes the absolute value of Jacobian J(v,u)

ot ot
o

W) =dell 5o gy |0
v o

which is a factor of plane mapping.
Using the following substitution in the double integrals

2 V2
t=7(v+,u) and t=7(v—,u,), (10)

we get |J(v,w)l =1, and Eq. (9) is reduced to the form

I=ff(D)f(t(V,M),t’(v,u))dvd/u. (11)

Substitution (10) is equivaent to the mapping from the co-ordinate system (t,t') to
the new system (v, ), as shown in Fig. 1 that also shows the integration regions.

Region D] (i.e. the trapezium t, ABt,,) corresponds to integral (5). The sum of
integral (6) has a common region of integration t,, ACKt,, (D)) consisting of two
sub-regions: trapezium t,, ACT and rectangle TCKt,,.

By using the new co-ordinate system, the equation for dose evaluation can be
rewritten as

dya(X) =my [ j( y )G(i,x"ﬁ p)dpdy. (12)
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Fig. 1. Mapping of co-ordinate system for absorbed dose evaluation.

It follows from Eq. (12) that: (1) function G(X,X’,V/2 ) does not depend on variable
v; and (2) region t, ABt,, in the new co-ordinate system is a sum of two regions,
namely rectangle t, ABF and triangle t, Ft,,. By taking these properties into account,
we finally write the model for the evaluation of the absorbed dose of toxicant when

tye <T as

dy1(X)

t
= moj;)‘/z duf‘/‘{ith“G(Y,Y’,\/Eu)dv

2ty —
tay
+ moft‘/zd,uf‘/zt“i“G()_(),Y’,\/E,u)dV
- w
2
= My(tes — t) [ "GRX,A)dA + my [G(RX,A) (tg — A)dA, (13)
0 ty

where A=V2u=t—t, A>0.
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For the particular case when t,, = 0, we have
dya(X) = My [ “G(RK' GA) (tes — A)dA, (14)
0

To calculate absorbed dose d,,(X), the region of integration D', should be consid-
ered. From Fig. 1, region D), is a polygon t, ACKt,, consisting of trapezium t,, ACG,
paralelogram t, GKH, and triangle HKt,,. Using this splitting, we get the following
equation for dose dy,,(X):

dyyo(X) = m, [0 MG(X XA (T =ty + A)dA

N mOTftth_TG(ix/'A)d/\ + moftKiTG(YX',)\)(th —A)da. (15)

teo

When t,, =0, we get
teo—=T te2
dyz(X) = meT [ GRXA)dA+ [ G(RX ) (te, — A)dA. (16)
0 teo,— T

Thus, the evaluation of the maximum possible absorbed dose under short-term
continuous emission of toxicant is reduced to the calculation of single intervals (13) and
(14) if t,, <T and to the integrals (15) and (16) in the case t,, > T.

The obtained models alow the comparison of the dose of the same toxicant absorbed
by a recipient after an instantaneous release with the dose absorbed after a short-term
continuous emission.

Suppose that the mass M is released at the moment t = 0. Then in accordance with
Eq. (4), the dose absorbed by the recipient during the time 0 <t <t,, is evaluated as

dn(®) =M [“'G(XX ,A)dA. (17)
0

Now suppose that there is a short-term continuous emission of toxicant with rate
m, = M/t during the same time 0 <t <t,, (t«; < T) as before. Due to Eqg. (14) in
this case, we get the following estimate of the absorbed dose

dyy(X) =M /0 MIG(X X', A)dA — my [O “IG(X X', A) AdA. (18)

Comparing Egs. (17) and (18), we get the inequality
diy(X) > dyy2(X), (19)

which is valid because function G(X,X',A)A is always positive. Thus, under the given
conditions, the absorbed dose after an instantaneous release of toxicant is greater than
the dose absorbed after a short-term continuous emission of it.
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Let us discuss the result (19). First, it is necessary to stress that Eq. (19) is valid for
any kind of function G(X,X',t —t') under only two assumptions, namely that:

- function G does not depend on the two separate arguments t and t’, but only depends
on the difference t —t' (= A);
- function G is positive and tends to zero when t —t' tends to infinity.

Thus, the obtained results are valid not only for the functions described by Eqg. (2) but
also for al functions that satisfy the constraints given above. In particular, they are valid
for different models of covariance o2 as a function of time and environmental
conditions, such as the models by Pasquill-Gifford, Briggs or Smith—Hosker.

Second, the above given equations are based on the suggestion that maximum
possible absorbed dose as a function of concentration is described by the equation

d(¥) = [e(X.t)dt. (20)

However, it is possible to prove that inequality (19) is also valid for the more general
case when

d(x) = [c"(Xt)dt, (21)

where n is an empirical coefficient that can vary from 1 to 3.

Third, it can be proven that, when the total mass released is equal to that of an
instantaneous emission, inequality (19) is valid also in the case of a continuous release at
changing rate m(t) and in the case of a sequence of instantaneous discharges of toxicant.

Further, such results and conclusions hold true not only for point-allocated sources of
toxicant but also for distributed sources of different shape (see Ref. [5]).

3. An introduction to interval analysis

To assess the risk connected with a specific accident, the following analysis steps
should be performed:

- Choice of adequate models for the release and diffusion of the toxicant;

- Determination of the empirical parameters of the chosen models;

- Calculation of the maximum possible absorbed dose and the vulnerability;

+ Quantification of the risk;

- Analysis of the uncertainties and reliability of the final results for the decision
making.

Unfortunately, the last step of this procedure is frequently ignored by the practition-
ers, though it should play a very important role. The goal of this step is to determine the
confidence interval for the risk figure, which alows making a better-informed decision.

The uncertainty in the risk assessment depends on both errors in experimental data
and inaccuracies of the chosen models. For example, let the “true” value of the risk be



V. Gorsky et al. / Journal of Hazardous Materials 78 (2000) 173—190 181

expressed by a function z,=f,(x,b), where x is a set of variables and b a set of
parameters. Then the following sources of errors/uncertainties can be defined:

Accuracy error of the model z=f(x,b) chosen from the set of existing empirical
models z = f;(x,b) describing the diffusion of the toxicant. Generally, neither of
these models coincides exactly with “true” model z, = f,(x,b);

Approximation error of the model z=1f(x,b) because of ignoring a number of
variables affecting the diffusion process;

Errors of measurements of the variables x;

Errors of empirical parameters b (e.g. resulting particularly from the clustering of the
environmental conditions into a finite number of clusters);

Round-off errors.

At present, two basic approaches are applied to the analysis of the uncertainty of the
results, namely, statistical methods and interval analysis [6]. Statistical approaches
usually assume that errors of models are related mainly to uncertainties in experimental
data and empirical parameters b, which are defined as random variables with known
density functions w(b). Under this assumption, the resulting z is also a random value
with distribution ¢(z). If the models are simple enough and linear (for example to be
expressed as a linear combination of variables and parameters) and all variables are
normally distributed, the resulting z will have also a normal distribution. Therefore, it
would be possible to write a confidence interval for the unknown “true” value z, as
Z2—20,<2,<Z+ 20,, where z isthe mean and o, isthe standard deviation of random
value z. This interval covers the “true” risk value with a 95% confidence probability.
The main advantage of the statistical approach is its anaytical formulation and availabil-
ity of effective software packages. However, the application of the statistical methods to
the problem of risk assessment is related with a number of difficulties. First, smple
statistical formulation is based on the assumption of additive errors with normal
distribution, which frequently is not fulfilled. The model z= f(x,b) for risk evaluation
is essentially a non-linear one. Under these circumstances, the problem of determining
the density function ¢(z) has no analytical solution. Generally, the statistical approach
does not allow taking into account in a differentiated way systematic and non-statistical
errors, such as round-off errors and clustering approximations, accuracy errors of the
models, etc. The interval approach has no such restrictions. It allows taking into account
errors of any nature, with finite known ranges. For this reason, interval analysis may be
a good dternative to the statistical methods.

The interval analysis introduced below is based on the definition of an interval
variable [6]. Given some numerical constant or variable a whose exact value is unknown
but there are given lower and upper bounds a~, a* of its possible values, then interval

[a]=[a;a"]=[aa <ax<a™], (22)

is caled interval variable denoted as [al.

From this definition, it is easy to conclude that the “true” value of a certainly
belongs to the interval that is formed by all its possible, i.e. a<[a]. Certainly, thisis
valid under the assumption that the bounds of interval are defined correctly. Thus,
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within interval analysis, the initial object of any operation is not a number as in usual
arithmetic and algebra, but interval [a]. It is necessary to stress that no probabilistic
measure needs to be defined on interval [a].

Different models can be applied for determining the interval bounds depending on a
priori information that is available to the investigator. Sometimes, the point estimate a
of the unknown “true” value parameter a and the absolute error A are given such that
|a—al < A. More frequently, the point estimate & and fractiond error §=A/a are
given. Thus, for the determination of the lower and upper bounds of interval [a], one of
the following equations can be applied

[a]=[a—-4;a+A]=[&1-5);41+8)]=[a;a"]. (23)

Certainly, there exists one-to-one correspondence between all representations of
interval. Particularly, if bounds a™; a* are given, it is easy to calculate the middle point
of interval a=(a +a*)/2 and the absolute error A=(a*—a")/2. If the point
estimate and either the absolute or fractional error are given, then the bounds a~ and
a* can be easily calculated. Definition of an interval variable [ a] allows the considera-
tion of an interval vector [X]=(x,...[x]", including n interval components
[X]...[%]

We need also a definition of an interval function [ z] = f(X,[b]), whose argument is
an interval vector of parameters [b]. At a fixed value for X, the resulting interval [ z] is
defined as

[z]1=[z:2"]= [mgn(f(iﬁ)ﬁe [5]):max( f(x.6). B [6])] (24)

From Eq. (24), the interval bounds are defined as the two extreme values of the
function f(X,b) over all possible values of the parameters b within their given intervals.
For the simplest cases, these bounds can be calculated by the rules of interval
arithmetic, as shown in Appendix A.

4. Application of interval analysis to the risk assessment problem

The general procedure for applying interval analysis to the risk assessment problem
includes the following steps:

- Step 1. Determination of measurement errors/uncertainties for variables X, X', M, u,
in Eq. (2) and their representation in interval form [X], [X'], [M], [u,].

- Step 2. Choice of empirical models for standard deviations o, o,, o5 entering in
Eg. (2). Determination of the accuracy error of the model chosen and the errors of the
empirical parameters involved. Determination of the interval functions [o(1)],
[0 (D], [o5(D].

- Step 3. Interval representation of the factor of meteorological dilution [G(X,X',t —t').

- Step 4. Calculation of interval [d] for the maximum possible absorbed dose based on
Eq. (15) or Eq. (16) depending on kind of release. Interva [d] is a non-analytical,
non-linear function of interval parameters and variables:

[d] =H{[XL.X1.IML[u].[oy ][ oo [ o]t T}
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- Step 5. Determination of interval value of the probit function [ Pr].
- Step 6. Calculation of interval [ R] of the risk value for the decision making.

Within the limits of the present paper, it is not possible to give a detailed description
of al steps. Therefore, we focus on the most essential aspects of the algorithm.

Step 1. The vectors XX denoting in Eg. (2) the co-ordinates of the source of
discharge and the location of the recipient can be measured within any predefined
accuracy. For this reason, we will assume these variables as exact ones.*

The values of M — mass of toxicant and u, — velocity of wind in the direction of
X, axis are major sources of uncertainty. The mass M is mostly estimated by expert
judgement. The most convenient way to describe its uncertainty is to define the
fractional error &, (%). Even being optimistic about the reliability of the judgement, we
must recognise that this error can be rather large, and we assume it can vary within
5% < o), < 50%.

The value of wind velocity u, during the accident under consideration can be derived
from meteorological monitoring. As a rule, meteorological data are determined as an
average over severa hours and over a large area as a town, city, etc. Therefore, the
value u; will be known with an unavoidable error. It is reasonable to consider the
fractional error of u, to be 1% < 5, < 20%. Using Eq. (21) and assigning the fractional
errors 8y, and g, we can represent both variables in interval form

[M]=[M(1—-8y);M(1+8y)], [u]=(u(1-8,);u(l+8y)]. (30)

Step 2. At this step, the interval models for the standard deviations o, o,, o5 of the

concentration field should be defined. There are at least three empirical models whose

parameters depend on atmosphere stability class, roughness of spreading surface, and
release features. They are represented by:

g=by(x)™, =123 (31)
C3X,
=0y,= —— =F(x,2)9(x%,), 32
0= 0, /71_1_0.0001)(1 03 (X1,2) 9( %) (32)
dy
c,( X
|n—11i(:1))(dz ifz>01 .
2 Rq 1M
F(x,,2) = 1 ,9(x) = (1+a sz);
2 M
In{c,xM|1+ —d) ,ifZ<0.1
Cy Xp?
a; X _
o= —— =23, o=o, (33)
(1+ay%)

where x, = u,t is a current distance (measured in meters) from the release source in the
direction of the wind; F(x,,Z) is a corrective factor depending on the roughness length

* There would be no great difficulty to consider a possible uncertainty in the exact location of the release as
well.
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Z (measured in meters) of the spreading surface; the coefficients a;, b;, ¢;, d, are given
in tables as a function of release features for the different models:

model (31) is suggested in Ref. [3];
model (32), known as a model of Smith—Hosker [2], is considered as most accurate;
model (33) is discussed in Ref.[3].

To choose the most appropriate model among the available ones, it is necessary to
analyse their accuracy errors with respect to a set of applicable reference data, and to
adopt the smplest model associated with an admissible error.

In the following, we show the comparison of models (31), (32) and (33) with respect
to the standard deviation o, for data corresponding to an atmosphere of stability class
B.

The reference data set contained 10 points (X, o,;, i =1...10) that have been
determined by a numerical simulation of the actual case. For sake of simplicity, these
points hereinafter will be referred to as “theoretical data” and considered as an exact
theoretical data set. By multiple regression analysis, the estimates a;, b, ¢, that deliver
the best fitting of theoretical data have been calculated. The resulting values are given
below.

Model 1: o,(1) = 0.156( x,)>**

0.16x,
Model 2: 7(2) = ——x—o
/1+ 0.0001x,
Mot 3 r(3) 0.166x,
(0] .o = .
2 (1+ 0.00016%,)>“*

The value predicted by these models and the theoretical data set (Iabelled by squares)
are shown in Fig. 2. By comparing the three models, we can state that Model 1 yields a
large deviation from theoretical points for large values of x,. For example, for the last
point x, = 10° m, the fractional error of this model is 48%. Models 2 and 3 are very
close to both the theoretical points and each other. To select a single model out the latter
ones, their fractional deviation has been calculated by

105i(2) — 0,i(3)]
l021(2) + 0,(3)]

We found that models 2 and 3 are very close at the points x, and xg where their
fractional deviation is less than 0.2%. The maximum deviation, equal to 3.7%, was
found at the point x, = 10°> m. It was also found that neither models have a systematic
error. Therefore, we can accept that the accuracy error of each model is less than
8(a,) = 0.58,,(i) = 2%. Since model (32) with one parameter has the same accuracy as
model (33) with three parameters, it is reasonable to choose model (32) for the
calculation of variables o, and o,.

5,(i) =2 100%, i=1...10. (34)
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Prediction by empirical models

Sigm a-2

¥1 - distance [meters]

Fig. 2. Standard deviations for different empirical models.

Besides the accuracy error of the chosen empirical model, the results of its applica-
tion depend on the approximation error of needed empirical parameters. One main
source of these errors is the clustering of the environmental conditions into discrete
classes. As a result, a same single vector of parameters is given to al situations
belonging to a same class.

For example, suppose that an accident occurs during the day time under moderate
insolation (25 < R, < 50). The parameter c, in Eq. (32) is defined from tables in Ref.
[2] depending on the wind velocity u [m/s], for the following classes: class A-B if
u<2,cassBif2<u<3,classC-Dif3<u<4,classC-Dif4d<u<6,Dif6<u.
The values of the dotted line that connects the middle point of the classes (see Fig. 3)
can be seen as “true” relation between function parameter ¢, and wind velocity u. The
difference between this line and the discretised values is an error of clustering. For
example, for the stability class B (ranging over a few discrete values in Fig. 3), the
fractional clustering error of parameter c; is 8y,(C;3) = 25%. Thus, the interval of
uncertainty ¢, is[cy] =1[c3(1 — 8,0); Ca(1+ 8] = [0.16](1 + 0.25)] =[0.12; 0.2].

Using the results of the previous steps, we can write the interval function correspond-
ing to Eq. (32) as

[ri(0)] = [ ()] = Lt

where substitution x, = u;t has been made. The last term in Eq. (35) reflects the
accuracy error of model (32) equal to 2%.

[0.98;1.02], (35)
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Fig. 3. The clustering error for the value of parameter c;.

In our sample case, we can write the analytical equations of the lower and upper
bounds as a function of time

03_ ul_t C; Uft
O] =[oy()] = | ——e—— 098 ——— 10
[o(D)] = [o5(D)] 1+ 0.0001u; t 1+ 0.0001u; t

where the bounds u; and u;” have been defined in the first step of the procedure.

The procedure of determination of the interval function [ o] is similar to that for [ o]
and [o,]. But in this case, the product F(x,;,Z)-g(x,) in Eq. (32) depends on eight
parameters c;, d;, a, b (i =1,2). Therefore, it results in a much wider interval of
uncertainty [ ;] than intervals [o;] and [o,].

Step 3. By substituting the interval functions and variables into Eq. (2), we write the
interval function [G(X,X',t — t')].

Step 4. To get an interval value [ d] of the dose adsorbed by recipients, it is necessary
to evaluate integral (15) with interval function [G(X,X',t — t')]. This can be done with
application of known numerical methods and method of Monte-Carlo. For evauation of
the dose for different possible values of parameters within given intervals, a uniform
distribution generator should be applied. The number of trials can be reduced by taking
into account that integral (15) is a monotonous function of its upper bound, therefore, is
possible to calculate integral only for the vertex of the prism formed by the interval
parameters.

Step 5. The interval probit function [ Pr], which is usually defined as

[Pr]=[a] +[b]in[d], (37)

2 (36)
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is affected by a number of uncertainties, including uncertainty of the dose [d] deter-
mined on step 4 and uncertainties of the parameters a, b. Furthermore, a number of
different equations for a same toxicant might have been proposed. To specify interval
parameter’s values [a] and [b], or to determine a corresponding model accuracy, a
procedure similar to that for step 2 can be applied.

Step 6. Usually risk is evaluated as [10]

1 p-s5 ,
R= — e v /2dt. 38
This integral can be written in terms of the error function erf(z) related with a
standard normal distribution as

[Pr]-5
(e o)) -

To get a lower bound of the risk R™, it is necessary to substitute into Eq. (39) the
lower bound of probit Pr—; to calculate R*, we substitute Pr*.

Let us consider a numerical example. In Ref. [10], the following equation for the
probit function of ethylene oxide is given

Pr=a+In(ct) = —6.8+1n(4443t), (40)
where t is an exposition time. Suppose that a is known and the parameter c is defined
within a 20% error. Then we write its interval as [c] =[3554; 5331] and the interval
probit is defined as[ Pr] = —6.8 + In([3554; 5331]). Substituting it into Eq. (39), we get
interval risk [ R(1)]. Thisinterval function is shown in Fig. 4, where the solid lines show

[R] = 0.5{1+ erf
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Fig. 4. Interval function for the risk value.
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Absolute errorof risk assesment
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Fig. 5. Absolute error of the risk value.

the bounds of the risk value and its average. The decreasing dashed line corresponds to
the fractional error of estimate calculated as 0.5 (R" — R™)/Ryerage- Fig. 5 shows the
absolute error 0.5 (R*— R™).

By the analysis of these graphs, we can draw the following conclusions.

The fractional error of risk is rather large for small values of risk. Particularly, when
t=5 min, it is equal to 42%. For average risk equal to 0.5 (i.e. time= 30 min), the
fractional error is 16%. But the value of average risk absolute error has a maximum
vaue (see Fig. 5). It is necessary to stress that this statement is valid for any kind of
probit function [ Pr].

The interval curve of risk [ R(t)] shown in Fig. 5 alows us to solve both direct and
inverse problems of risk assessment.

4.1. Direct problem

Find interval risk when exposition time is equal to 30 min. The solution can be
determined from Fig. 4 for t = 30 min, which yields [ R(30)] = [0.42; 0.58]. In Ref. [10],
it is stated that R= 0.5 for t = 30 min. Evidently, that interval representation of risk is
more informative than point estimate.

4.2. Inverse problem

Find time of exposition such that risk will be equal 40%. From Fig. 4, drawing a
horizontal line through the point R= 0.4, we can find its intersections with interval
curve [ R(1)]. It yields the interval for exposition time equal to [t(0.4)] =[19 min; 28
min].
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Thus, the given example shows that application of interval analysis to the risk
assessment problem is an effective way to get not only point estimates but also interval
of possible values of risk resulting from errors and uncertainties of empirical parameters
and experimental data.

5. Conclusions

In summary, we have proposed mathematical models to evaluate the absorbed
inhalation dose for both instantaneous discharge and short-term emission of toxicants
released from a point-allocated source. Relations between absorbed doses for the two
above given modes of exposure have been aso investigated. It has been shown that
under similar initia conditions, the absorbed dose resulting from an instantaneous
release of toxicant is greater than the dose resulting from a short-term continuous
emission of it.

The interval approach has been developed to take into account the unavoidable errors
of empirical parameters included in a mathematical model. It has been shown that this
allows the choice of simpler models, at a same accuracy degree, than models with larger
number of inexact parameters. Numerical examples of interval analysis have been given.
It has been illustrated that interval presentation of the result is much more informative
and correct for problems with empirical parameters than the usual point estimate
presentation.

Appendix A. Operations with interval variables

Let [a]*[b] denote a generalised arithmetic operation, i.e. the operator © means one
of the (+,—,X%,:) operations with intervals [a], [b]. Then the resulting interval can be
determined as

[c] = [min(axb);max(axb),ac[a], be[b]] (25)

Eg. (25) shows that the resulting interval [c] is the set of the results of the respective
arithmetic operation performed over all possible values of a and b inside their given
intervals.

If the intervals do not include zero, i.e. 0 & [a], 0 & [b] and al values within the
intervals are positive, then Eq. (25) results in the following rules:

2[a]l+[b]=[a +b7;a*+b*];

3.(-1l[a]=[-a";-a"[;

4[a]l—-[b]=[a —b*;a*—b ],[Ja]-[a] =0; (26)
5[a][b]=[a b ;a*b"];

6.[a]/[b]=[a"/b";a"/b ] [a]/[a] = 1.

Applying rules (26) to [a] = [4; 5] and [b] =[2; 3], it iseasy to get [a] — [b] =[1; 3],
[allb] =[8; 15], [al/[b]l=[4/3; 5/2]. The result of operations [2; 3] —[2; 3] and [2;
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3]/12; 3] depends on whether we are dealing with one variable or two. In the case of two
variables with equal bounds[a] =[2; 3] and[b] =[2; 3], we get [2; 3] — [2; 3] =[—1; 1]
and [2; 3]/[2; 3]=1[2/3; 3/2]. Whereas for the same variable [a] = [2; 3], we have
another result: [2; 3] —[2; 3]=0 and [2; 3]/[2;3] = 1 (the difference between the two
cases is that in the last equations, the combinations a”— a*, a* /a~ cannot occur for a
single variable).

Generally, the calculation of the bounds|[ z] =[z;z*] in accordance with Eq. (26) is
possible by the use of any mathematical package, for example MATLAB, which
contains Optimisation-Toolbox. But for a number of functions, the bounds can be
written analytically, i.e. in the case that the functions are linear with respect to
parameters as:

[z]=[bo] + [by]ey(X) + -+ =[] ¢(X) + -+ +[bp]en(X) (27)

where ¢,(x) are non-negative basic functions, [ b, l-interval parameters. For this function,
the following eguation for the bounds of the resulting z as a function of vector X is valid

Z (X) =by + by @ (X) + -+ =BT ¢ (X) + -+ +byen( X) (28a)
Z"(X) =bg + b @y(X) + - -+ —b ¢;(X) + - -+ +by¢n(X) (28b)

It can be seen from Eq. (28a) for lower bound z~ that parameter b, enters this
equation with its lower bound b~ if the respective term in Eq. (27) is positive and with

its upper bt otherwise. The inverse situation takes place when calculating upper bound

zt.

In general, in risk assessment problems, the function called posynomia with interval
parameters frequently occurs [7-9]

[2] = (x)"*(0)"™ (%)™, (29)
Taking alogarithm from both sides of Eq. (29), we can represent it in the form of Eq.
@.
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